A new approach is described for simulating inelastic behaviour in the matrix component of a two-phase composite material. Quasi-isotropic distributed micro-cracking, accompanying volumetric matrix changes, is combined with anisotropic micro-cracking arising from directional loading. An exterior point Eshelby solution is used to obtain stress concentrations adjacent to inclusions. The accuracy of these solutions is assessed using a series of three dimensional finite element analyses. A set of stress/ strain paths are considered to illustrate the model's characteristics. The model is then applied to the problem of autogenous shrinkage in a cementitious composite, giving results that compare favourably with experimental data.
Introduction
Micromechanical models allow individual material properties, micro-cracking and inelastic behaviour to be modelled at the particle scale of a composite material. They also provide a means of linking the predicted behaviour to the macro-scale response. This paper describes a model for a two-phase composite material which has a matrix phase and inclusions. The particular focus is on simulating inelastic behaviour in the matrix phase alone (Acker, 2001) . Inelastic strains may derive from shrinkage, creep, micro-cracking, differential thermal expansion or ageing. These time dependent phenomena are particularly important when simulating cementitious composite materials such as concrete. Neville et al. (1983) reviewed a number of two-phase models for creep and shrinkage of concrete, including those of Hirsch (1962) , Counto (1964) and England (1965) , in which the behaviour of the composite was derived from the properties of the aggregate and cement paste phases. A number of more recent models are based on multi-level schemes in which macro-scale stresses and strains are derived by up-scaling the behaviour at the micro-scale and below. Xi and Jennings (1997) presented a multiscale model for shrinkage in concrete and in cement paste that considered the behaviour from the nano to the meso-scale. Bernard et al. (2003) described the inelastic strains from chemical shrinkage in cementitious composites with a multi-level model and Pichler et al. (2007) , also using a multi-level scheme, simulated early age autogenous shrinkage for the same type of cement based material. The latter model was further developed to include up-scaling of creep properties (Pichler and Lackner, 2008) . A two level multi-staged model was presented by Scheiner et al. (2009) to describe creep in concrete in which the creep in cement hydrates was considered explicitly. These multi-scale models are particularly successful at simulating the development of strength during cement hydration (Pichler and Hellmich, 2011) .
In cementitious composites, time-dependent inelastic strains are believed to originate in the matrix phase (or matrix-inclusion interface) (van Mier, 1997) and thus it advantageous to be able to explicitly model inelastic behaviour in the separate phases of a composite at the micro-scale. Inelastic strains in inclusions are readily considered with the standard Eshelby (1957) approach and such strains may be added to the eigenstrains arising from a mismatch of elastic properties (Mura, 1987; Weng, 1988; Nemat-Nasser and Hori, 1999) . However, if the elastic properties and strains change over time due, for example, to hydration and/or micro-cracking, then methods which consider the non-linear behaviour of the phases are needed.
A general approach for including inelastic strains in one (or more) of the phases of a composite is to linearise the non-linear constitutive equations.
Models based on this approach have used incremental tangent moduli (Hill, 1965) , secant moduli (Tandon and Weng, 1988; Dunn and Ledbetter, 1997) and second order moduli estimates of the phase constitutive equations (Castaneda, 1996) . Ju and Sun (2001) presented a model for simulating the inelastic behaviour of metal matrix composites in which an effective yield function was derived using a statistical distribution of inclusions.
The method described as 'Transformed Field analysis' (TFA) was conceived by Laws (1973) and further developed by Dvorak and Benveniste (1992) , Dvorak (1992) and Chaboche et al. (2001) . The method allows the simulation of generally anisotropic behaviour in the phases of a composite at the expense of solving a local nonlinear system.
Recently Monchiet et al. (2012) presented a closed form solution for an orthotropic medium containing arbitrarily orientated cracks.
The inelastic micro-cracking strains arising from early-age volumetric time-dependent phenomena are generally quasi-isotropic in nature and distributed (Hearn, 1999) . The micro-cracking (and subsequent macro-cracking) resulting from mechanical loading and/or mechanical restraints are generally anisotropic in nature and arise after material curing, e.g. during the first application of mechanical load. It is this separation that is exploited in the proposed model, which includes two sets of micro-cracking variables, one of which represents distributed isotropic micro-cracking in the matrix and the other of which accounts for anisotropic (or directional) cracking of the composite.
The advantage of the proposed approach is that it avoids the need for a numerical solution to evaluate the Eshelby (or concentration) tensor for a changing generally anisotropic matrix material (Desrumaux et al., 2001) .
Although the model presented in this paper does not use a volumetricdeviatoric separation of the stress/strain tensors, there are some similarities with approaches that do use such a separation (Carol et al., 2001; Ramm, 2003, 2006; Grassl and Jirasek, 2006) .
The paper provides a description of the new constitutive model and the way in which inelastic matrix strains are simulated. Then the theory for including two forms of micro-cracking, associated with early age volumetric matrix changes and directional (anisotropic) loading respectively, is presented.
The approach of Mihai and Jefferson (2011) is used for the initiation and evolution of both forms of micro-crack. The solutions and homogenisation scheme, upon which the model is based, are validated using finite element simulations for the problem of matrix shrinkage restrained by both a single and by multiple inclusions. A series of illustrative stress/strain paths are used to demonstrate the performance of the model and this is followed by application of the model to the problem of autogenous shrinkage in a cementitious composite including micro-cracking.
Constitutive model theory
The two phase composite average stress (σ) and strain (ε) tensors are defined by the summations in equations (1) and (2),
in which the subscripts M and Ω denote the matrix and inclusion phases respectively. The sum of the volume fractions (f Ω and f M ) is unity. Figure 1 shows an idealised two-phase composite with a matrix phase containing spherical inclusions and inelastic strains (ε IN ). Micro-cracking is split into two categories, namely volumetric and directional; it being assumed that micro-cracking arising from volumetric strains is quasi-isotropic in nature. Directional, or anisotropic, micro-cracking strains are added to the isotropically micro-cracked composite.
Elastic two-phase composite
The elastic properties of the two-phase composite are computed using the classical Eshelby (1957) solution and the Mori-Tanaka homogenisation (Mori and Tanaka, 1973; Benveniste, 1987) .
The constitutive relationship is shown in equation (3),
where
, D M and D Ω are the elastic tensors for the matrix and inclusion phases respectively. S Ω is the interior point fourth order Eshelby tensor (Nemat-Nasser and Hori, 1999) . I 4s is the fourth order identity tensor and the subscript e denotes elastic.
A two-phase composite with inelastic strain in the matrix only
In the case where there is an inelastic strain in the matrix (ε IN ), the disturbance (ε c ) and eigenstrains (ε τ ) are given by equations (4) and (5) respectively.
and
It is noted that the standard form of Eshelby tensor remains valid with changing degrees of volumetric micro-cracking because D M ω retains the isotropic form. The same approach is now adopted for the isotropically cracked composite. The resulting stress-strain relationship is given by equation (15),
Directional micro-cracking from mechanical loading
in which the added strain (ε a ) is now relative to the isotropically microcracked composite. This additional strain due to a set of circular cracks with the same orientation is given by equation (16) (Budiansky and O'Connell, 1976) ,
in which the crack density parameter (f ) can also be expressed as a microcrack variable ω 0 ∈ [0, 1] (Jefferson and Bennett, 2007) , as in equation (17).
Integrating contributions from all directions around a hemisphere gives the total added strain equation as shown in equation (18). McLaren's integration rule with 29 sample directions is used to evaluate this integration numerically (Stroud, 1972) .
in which N and N ε are the stress and strain transformation tensors. These relationships can be used in (15) to yield the overall constitutive equation
C L is the elastic compliance (Nemat-Nasser and Hori, 1999).
Exterior point Eshelby stress outside an inclusion
The exterior point Eshelby solution (Ju and Sun, 1999 ) is used to give the strain and stress amplification at any point in the matrix as shown in Equations 21 and 22 respectively. The stress tensor in the matrix on each local plane is given by Equation 23.
where T Eω M (x) and S E (x) are the exterior point Eshelby tensors defined by Ju and Sun (1999) , see also Mihai and Jefferson (2011) . x is the position vector from the centre of a spherical aggregate particle, ρ = a/|x| is the relative distance taken as 0.999, |x| = √
x i x i is the position vector and a is the radius of the spherical inclusion.
Micro-crack criterion and evolution
The proposed model requires two micro-crack evolution equations for (i) volumetric micro-cracks which are considered to be controlled by the coarse aggregate particles and (ii) directional micro-cracks (and eventually macrocracks) which are considered to extend over the coarse aggregate particles.
The measurement of post-peak volumetric tensile behaviour of concrete at low strains is difficult and the authors found little experimental data upon which to base the evolution function directly. However, a volumetric softening function may be chosen by making the following assumptions:
1. The start of micro-cracking is associated with pre-peak nonlinearity in uniaxial tension, which typically occurs at approximately 70% of the peak tensile load (van Mier, 1997), 2. the relative displacement at full softening, in any direction under volumetric loading, is governed by the coarse aggregate particles and 3. this relative displacement is of similar magnitude to that for directional loading.
The above assumptions allow the same function form to be used for both volumetric and directional micro-crack evolution. The equation selected is based on a standard form which was adopted by Mihai and Jefferson (2011) , as follows
in which subscript β denotes volumetric (m) or directional (d) micro-cracking, c is a constant taken to be 5, which is appropriate for this type of evolution, f tβ is a local tensile strength at the aggregate/ cement paste interface and u is a relative displacement across a zone of material size equal to the coarse aggregate particles. The strain at first uniaxial micro-cracking (ε tβ ) is taken
as
in which E M is Young's modulus of the matrix and E d is Young's modulus of the composite. The local strains in the effectively fully micro-cracked (ε 0β ) state are assumed to be related to the relative displacements by
11 in which h m is the size of the coarse aggregate and h d is assumed to be 3 times the size of coarse aggregate. Coarse aggregate is typically 10mm in diameter for laboratory concrete and 20mm for structural concrete. The relative displacement at the fully micro-cracked case for u 0m is taken as 0.1mm
whereas u 0d is taken as 0.2mm (Walraven and Reinhardt, 1981) .
The function described by equation 24, for both the volumetric and directional micro-cracking cases, is illustrated in Figure 2 . 
transformed amplified stress adjacent to an inclusion (Mihai and Jefferson, 2011) , as defined in equation (23).
Once formed, the extent of micro-cracking is expressed in terms of the parameters (ω β ), which are given by
this depends on the effective local strain parameters ζ m and ζ d , the former of which is governed by the following volumetric micro-cracking function (29) and the latter by the directional micro-cracking function (30).
where γ = ε Lrs 2 + ε Lrt 2 and
The functions are subject to the standard loading/ unloading conditions as follows
The micro-cracking evolution for the volumetric component is always controlled by the mean local matrix strain. The directional local strain component (ε L ) is assumed equal to the sum of the peak elastic strain in the matrix 13 phase (ε LM e ), based on s M Ω and the local micro-cracking strain (ε α ) (Mihai and Jefferson, 2011) , as shown in (32).
FE Validation of homogenised solution
In this section, the accuracy of the proposed approach adopted for homogenisation and stress concentrations is assessed using two three dimensional finite element simulations. These models simulate the free shrinkage of the composite and were carried out using the LUSAS (2012) Table 1 .
The first model simulated a spherical inclusion within a matrix where the volumetric shrinkage potential (strain) of 0.0003 was applied to the matrix only. There were 54000 quadratic tetrahedral stress elements in the single inclusion model. Figure 3 compares the numerical and analytical major 
Numerical implementation
The constitutive model presented above has been implemented in a Mathcad (2010) sheet using a constitutive driver algorithm. The model can be driven by total stress (σ), total strain (ε) or the shrinkage potential of the matrix (ε shr ). Table 2 shows the essential steps of the computational algorithm with a specified stress path increment (∆σ a ) and applied shrinkage strain increment (∆ε shr ) in the matrix only. Material data and initial conditions are read along with initial stress and strain parameters.
In Section 6, a selected set of stress/strain paths are used to present the characteristic response of the model. Section 7 considers shrinkage of a cementitious composite and compares model predictions with experimental data. 
Evaluate local strain vector 
Characteristic model predictions
A series of stress-strain paths are used to illustrate the characteristic response of the model. The paths selected are as follows;
1. Time dependent matrix shrinkage with and without associated matrix micro-cracking.
2. Matrix shrinkage restrained uniaxially with and without micro-cracking.
3. A uniaxial tensile strain path with and without matrix shrinkage. Willam et al. (1987) strain path which involves micro-crack formation under uniaxial tension followed by a rotating principal strain path.
Matrix shrinkage during the
The material properties are presented in Table 3 and are typical for a standard strength concrete. The inelastic strain applied in the matrix in all of the stress-strain paths is derived from the drying shrinkage strain from the EC2 code of practice (EN1992, 2008). The results are presented in graphical form showing the response for each path in terms of composite average stress and strain components. Path 3 shows a uniaxial strain path with shrinkage strain (SS) in the matrix and without shrinkage strain (NSS) in the matrix. Figures 7a and 7b show the control data and strain loading paths. The stress results in figure 7c
show that the peak stress in the SS case is 7% greater than in the NSS. The Figure   8d compare the rotating stress response with the uniaxial stress response (US) without any rotation strains and correctly shows degradation of strength in the lateral direction with rotation. Figure 8e shows that the major principal stress decreases as the shear strain increases, as is desirable (Willam et al., 1987) .
These paths illustrate the response of the model for a range of paths with and without micro-cracking and matrix shrinkage. The responses are all considered to be reasonable and to show that the two micro-cracking model components work together seamlessly. consider the material as a whole e.g. (Neville et al., 1983; Bazant, 1995; Benboudjema et al., 2001 Benboudjema et al., , 2005 EN1992, 2008 and do not explicitly consider the separate behaviour of the phases. This means that material parameters for these empirically derived models must be generated for each mix. In this section an alternative approach is explored in which the model described above is applied to the problem of autogenous shrinkage of a cementitious composite. The aim is not to derive a comprehensive two-phase time dependent model for composite materials but rather to illustrate the benefits of applying the present model to such a problem. There have been a number of two-phase models for creep and shrinkage in concrete, for example Hirsch (1962) , Counto (1964) , England (1965) and Scheiner et al. (2009) , see also Neville et al. (1983) , but these do not explicitly consider the effects of The objective of the following derivation is to produce a single shrinkage strain expression for a composite, given the properties of the matrix and inclusions as well as a shrinkage response for the matrix alone. To allow comparison with experimental results, a hydration model (Schindler and Folliard, 2005) is also included (see Appendix A) and implemented with a two-phase solidification model based on the solidifying material forming in a stress free state (Bazant and Prasannan, 1989 ). An autogenous free shrinkage problem is simulated using a volumetric solution with inelastic shrinkage strain in the matrix (cement paste).
In the present approach, solidification strains (ε s ) are evaluated explicitly and these are defined as the inelastic strains necessary to ensure that solidified material first forms in a stress-free state. These strains are evaluated for each phase of the composite material by summing the increments associated with a change of solidified volume (∆v) that occurs over a step interval ∆t. The expressions for the volumetric solidified strain increments for the matrix and inclusion phases are given in equations (35) and (36).
The derivation of these expressions is given in Appendix B. In the present work, the hydration model of Schindler and Folliard (2005) is used to evaluate the degree of hydration over time and then the solidified volume is evaluated as a function of the degree of hydration using the assumption that the elastic modulus of the matrix phase is directly proportional to v. The relationship between the degree of hydration and the elastic modulus is established using the work of De Schutter (2002) . Details of the hydration and solidification models are provided in Appendices A and B.
The mean composite stress in the material for a free shrinkage case is zero which results in the relationship between the total shrinkage in the composite and the shrinkage in the cement paste given in equation (37). The separate components of the solidification strains are accumulated over time and thus remain explicit in the expression.
ε shrM is the matrix shrinkage strain, ε sM is the solidification strain in the matrix and ε sΩ is the solidification strain in the inclusion. The scalar values T Ωv , S Ω , A Ωv and K M Ωv are given by the following equations. 
0.338 12600 0.2 0.662 60000 0.25 28600 0.0375 1.0 
0.213 25500 0.25 0.787 55000 0.3 48707 0.0563 0.67 analytical solution and the experimental results without micro-cracking is 8.3% for Pickett (1956) and 18.0% for Baroghel-Bouny (1994) . With microcracking the difference is 2.6% for Pickett (1956) and 4.4% for Baroghel-Bouny (1994) .
In addition to comparing with experimental results, this volumetric model has been subjected to a parametric study. The hydration model is based on a type II cement with shrinkage strain taken from EC2 code of practice (EN1992, 2008) and with fixed micro-cracking parameters. The composition (volume fraction of aggregate f Ω ) and elastic modulus have been varied, and cases with and without micro-cracking considered as shown in Figure 11 .
As may be seen, micro-cracking is most pronounced when the matrix and inclusion volume fractions are equal. These plots suggest that the model could be used as a concrete design tool. • The combination of model components for isotropic matrix micro-cracking and directional (anisotropic) micro-cracking in the composite material allows early age volumetric and mechanically induced directional microcracking to be simulated in a computationally convenient manner.
• The model provides an accurate means for simulating the inelastic behaviour of concrete subject to autogenous drying and for quantifying the effects of micro-cracking during this drying process.
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Highlights
• New approach for matrix micro-cracking and time-dependent behaviour in a two-phase composite.
• 3D FE validation of homogenisation and exterior point Eshelby solution for matrix shrinkage.
• Separation of isotropic and anisotropic micro-cracking components.
• Example stress-strain paths to illustrate model characteristics.
• Inelastic behaviour of concrete subject to autogenous drying is successfully simulated.
Appendix A. Hydration model
The relative degree of hydration of the cement with time is based on the work of Schindler and Folliard (2005) . The total heat of hydration (H cem inJ/g) for cement is calculated using the fraction by weight (p i ) for the different cement components of the total cement (p cem ).
The total heat of hydration(H u ) is calculated taking account of all the cementitious materials: Cement (cem), slag (slag), fly ash (F A).
where, H slag and H F A are the heat of hydration of slag and fly ash respectively. The ultimate heat of hydration is calculated from
where C cem is the cementitious materials content. The relative degree of hydration (Γ r ) is given by equation (A.4).
Where, τ is hydration time parameter and β is a hydration shape factor. t e is the equivalent maturity or age and defined as follows.
Where A E is the activation energy, R is the universal gas constant, T r and T c are the reference and current temperatures respectively. The rate of heat generation is also given by Schindler and Folliard (2005) 
with c E taken as 0.7 from De Schutter (2002) also implemented in the solidification theory. c fc and c ft are taken as 1.5 and 1.0, matching data from Yi et al. (2003) . The definition of Γ r is different from that employed by De Schutter, in that the present expression doesnt include a percolation threshold value of Γ. Our approach is to assume that the stress is zero up to a certain degree of hydration (Γ c ), which is typically taken to be 0.35, with the zero stress state being maintained via solidification strains.
The data used in the hydration model to simulate the data of Pickett (1956) and Baroghel-Bouny (1994) are shown in Tables A.6 and A.7 respectively. 
0.565 0.140 0.100 0.080 0.035 0.029 0.013 1 350 400 
0.573 0.240 0.030 0.076 0.020 0.053 0.008 1 312 400
Appendix B. Solidification model
The degree of hydration is related to the solidified volume (v) of material according to Equation (A.6). Working in volumetric terms and including volumetric micro-cracking, the bulk modulus of the inclusion is K Ω and matrix is as follows.
The notation referring to micro-cracking in the matrix is not included for clarity. If the volume of solidified material increases by ∆v the damaged bulk modulus becomes
which can be rearranged to provide the change in solidification strain in the inclusion.
Where T Ω∆v = T Ω(v+∆v) − T Ωv is calculated explicitly.
. Solidification in composite
For total stress equation upon solidification is defined by the following
which upon substitution becomes,
Total strain equation upon solidification,
The overall constitutive relationship is therefore given by equation B.18. For free shrinkageε = ε IN EQ v+∆v . It is noted that the Eshelby terms, S Ω and T Ω are volumetric and as such are reduced to scalars.
Nomenclature
A Ω As defined 
